Inflationary Perturbations in Palatini Generalised Gravity 
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We examine the generation of primordial perturbations during an inflationary epoch in generalised 
theories of gravity when the equations of motion are derived using the Palatini variational princi- 
ple. Both f(R) and Scalar- Tensor theories are considered and we compare our results with those 
obtained under the conventional metric formalism. Non-linear generalisations of the action lead 
to different theories under the two variational choices and we obtain distinct results for scalar and 
tensor spectral indices and their ratio. We find the following general result; inflation driven solely 
by f{R) modifications alone do not result in suitable curvature perturbations whilst Scalar- Tensor 
theories generate nearly scalar invariant curvature perturbations but no tensor modes. 
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I. INTRODUCTION 

Today, more than ever, there is an element of doubt 
underlying the confidence with which we claim to under- 
stand the nature and behaviour of the universe. The so- 
called standard A Cold Dark Matter (ACDM) model pro- 
duces extraordinarily good fits to numerous observations 
in the era of precision cosmology we live in. However, the 
theory of General Relativity (GR) underpinning the dy- 
namical workings of the standard model requires a num- 
ber of supporting partners throughout the entire history 
of the universe to bring about this remarkable agreement 
with data. A scalar field is needed to drive the inflation- 
ary period after the Big Bang; a strange form of energy, 
called Dark Energy, is required for the late time observed 
acceleration; while an unknown kind of pressureless mat- 
ter, called Dark Matter, is postulated to account for the 
missing mass of galaxies and galaxy clusters. As such, 
beyond solar system scales, where the theory has been 
well tested and confirmed, GR always requires the intro- 
duction of some exotic form of energy-density to stand 
up against confrontation with observations. This uncom- 
fortable situation has led to many attempts at modifying 
GR itself in the search of a generalised theory that can 
explain the observed universe without requiring the addi- 
tion of dark companions. Although none of the modifica- 
tions seem to have the general and unifying character of 
GR itself, it can be argued that some models can address 
specific problems in a more natural way. 

In this work we deal with a class of theories which 
has been denoted in the literature under the name of 
Generalised or Extended Gravity @, [25|. The starting 
point of these theories is a general modification of the 
Einstcin-Hilbert action consisting both in the introduc- 
tion of a scalar field cj> and the addition of terms which 
are non-linear in the curvature scalar R. The general 
form such an action can assume is given in Section [TTJ 
This class of gravitational theories incorporates both sub- 
classes given by f(R) theories [HI, and Scalar- Tensor 
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theories [la, 13 • The first treats only non- linear terms in 
R given by an arbitrary function f(R), without introduc- 
ing an extra scalar field. The second considers instead all 
the possible modifications given by (f>, but R appears only 
linearly in the action (though its coefficient is a general 
function of <f>) . Further constrains on the form of / or on 
the scalar field terms can lead to specific theories which 
have been used extensively in literature trying to solve 
many different problems. For example, some of the very 
first models of inflation were an f(R) theory based on an 
R 2 term Q and a minimally coupled Scalar- Tensor the- 
ory Q. The well-known Brans-Dicke theory [l| can also 
be regarded as the first Scalar- Tensor theory of gravita- 
tion. More recently f(R) theories have been invoked as a 
possible explanation for the late time acceleration of the 
universe |3l[ |32| without the need to introduce Dark En- 
ergy. On the other hand Scalar- Tensor theories seems to 
be even more promising as models for inflation [l2l . [l3j] . 
Nevertheless there have been several attempts using f(R) 
and Scalar- Tensor theories to characterize both inflation 
and late time acceleration, respectively 0, [32|, [34[ . Some 
models go even further in trying to solve the dynamical 
riddle of early-time inflation and late-time acceleration 
in a unified manner [2ll l22t |26| . 

Once a modified action has been chosen there is a fur- 
ther degree of freedom when generalising gravity. The 
variational principle used to obtain the field equations 
for the model must be chosen. There are two main varia- 
tional methods widely used in the literature Q (see also 
!5{] for a historical perspective on their origin). The first 
is the usual metric variational principle used by Hilbert 
in the first derivation of the Einstein equation with a 
variational method. The metric formalism obtains the 
gravitational field equations by varying the action only 
with respect to the space-time metric tensor g^, which 
is assumed to be symmetric. An alternative is known as 
the Palatini variational principle and consists in varying 
the action with respect to the metric and the torsion- 
less connection T^ lL , independently. Here the independent 

connection is not assumed to be, a priori, the more 
commonly used Levi-Civita connection T* v for which the 
additional metric condition V M g Q) 3 — holds. In the 
Palatini formalism this condition is in fact obtained dy- 
namically by varying the action rather than being im- 
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posed axiomatically from the beginning. Crucially, if the 
action is non-linear in the curvature scalar, the Palatini 
method of variation leads to a different theory than the 
metric variation (3l| . This means that the choice of vari- 
ational method is not just a question of formalism, but 
can in principle lead to different physical outcomes. Both 
methods have their own advantages and handicaps, but 
the metric variational principle has been on the whole 
more utilized in the literature. Because of this, many 
issues in generalised gravity have already been studied 
carefully in the metric variation formalism but have not 
been looked at in depth in the context of the Palatini 
formalism. The aim of this work is to deal with pre- 
cisely one of these issues, namely the characterisation of 
super-horizon, primordial perturbations generated dur- 
ing an epoch of inflation. These have been examined 
extensively in the metric case [1, [H], IH| , but the Palatini 
approach has yet to be studied in detail. 

The standard theory of inflation is basically a Scalar- 
Tensor theory where a potential dominated, minimally 
coupled scalar field drives inflation [l5|, 0]. However 
some f(R) models succeed in building theories where the 
universe inflates without the introduction of a scalar field. 
This can be achieved in both metric [!, [H, H3] and Pala- 
tini [T3, formalisms. In the latter case, models giving 
bouncing cosmologies have been also proposed recently 
30] . It is then interesting to ask how the primordial per- 
turbations have been generated in the various models. 
To do this we carry out a general analysis of perturba- 
tions for Palatini generalised gravity in which the specific 
choice of the model is left for the end of the calculations. 
This analysis will include all the f(R) and Scalar- Tensor 
models in Palatini formalism, leaving standard inflation 
as a particular case. The aim is to determine the power 
spectra and spectral indices for scalar and tensor pertur- 
bations. 

The motivation for focusing on the characterisation 
of the primordial perturbations stems from the obser- 
vational front-line. Over the next decade observations of 
the Cosmic Microwave Background (CMB) will constrain 
to unprecedented level the spectral index of primordial 
scalar (curvature) perturbations and the amplitude of 
tensor (gravitational wave) perturbations. In particular, 
if detected, the tensor modes will allow us to infer the 
energy scale and nature of the inflaton potential. Con- 
versely, in the context of generalised theories, it may al- 
low us to constrain the nature of the modifications. 

This paper is organized as follows. In Section [TT] we 
provide a short review of the Palatini approach to gen- 
eralised gravity, where the gravitational field equations 
and the background cosmological dynamics are derived. 
Section InTl is dedicated to developing formalism and dy- 
namics of cosmological perturbations in these models. 
The main section of the paper is Section IIVI where we 
examine cosmological perturbations generated during an 
inflationary epoch and derive the form of spectral indices 
for both scalar and tensor modes and their ratio. In sec- 
tion [V] we apply these results to f(R) gravity and scalar- 



tensor theories and provide an example with non-minimal 
inflation. We conclude by summarising our main results 
in Section IVll 

Throughout the paper, unless otherwise specified, we 
work in units such that c = 87rG = I. Greek and 
Latin indices run from to 3 and I to 3, respec- 
tively. The Minkowski metric is taken to be r]^ — 
diag(-l, +1, +!,+!). 



II. PALATINI FORMULATION OF 
GENERALISED GRAVITY 



We begin with a review of the Palatini approach to 
generalised gravity, where the connection is varied inde- 
pendently from the metric (see e.g. [Til l3l| for more 
in depth reviews). Consider a generalised gravitational 
theory described by the action 



S = 



Pi)'' 



+C t p(g ll y, 4>) + £m{9h,v,'3) 



(1) 



where / is an arbitrary function of R and of a generic 
scalar field <fi while Cm is the matter Lagrangian depend- 
ing on some matter fields denoted collectively by S. Here, 
the curvature scalar R = g^ v i?^„ is the contraction of the 
Ricci tensor defined by the torsionless independent con- 
nection f^ 7 , 

p fa fio i fa pA pa pA /r\\ 
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The Lagrangian for the scalar field cf> is taken to be 



C a 



1 



(3) 



from which we define the energy-momentum tensor 



T#) = a;(V»(V„<£) - g^[\^) 2 + V {<)>)] , (4) 

where V is the covariant derivative associated with the 
usual Levi-Civita connection T^ 7 - In general, quantities 
formed with the independent "Palatini" connection will 
be denoted by an overhat to distinguish them from quan- 
tities formed with the Levi-Civita connection. For exam- 
ple, the curvature scalar and Ricci tensor we know from 
canonical GR are denoted by R and R^. Note that in 
the Palatini variational principle the matter Lagrangian 
Cm does not depend on the independent connection f 1 * . 
Allowing the Lagrangian for this dependence leads to 
another formalism, namely the metric-affine variational 
principle |3ll f33j j , which we will not consider in the cur- 
rent work. 
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Field Equations 



with 



Variation of the action ([T]) with respect to the metric 
gives 

F(R, flR^ - ±f(R, 4>)g^ = + T$> , (5) 

where T M „ is the usual matter energy-momentum tensor 
and the function F is defined by 



F 



df(R, 



dR 



(6) 



Varying with respect to the independent connection f ^„ 



gives instead the condition 

V,{^—gg^F)=0. 



(7) 



T (cff) 

[11/ 



(1 - F)R„ V - —(y^FXVuF) + VpVvF 



(/-*) + (! 

3 

+ 2F 



- -)V ff V CT F 
(V ffJ F)(V a F) 



(13) 



Since the Palatini connection does not appear explicitly 
in the final form of the field equation, it plays the role of 
an of auxiliary field. The physically relevant connection, 
i.e. the one determining the free-falling motion, is still 
. All the energy- momentum tensors in the right hand 
side of (fT2|) are indeed covariantly conserved by V (24|. 



Background Cosmological Equations 



Equations for the scalar field are obtained varying ac- 
tion (|T|) with respect to <fi. However they are not of inter- 
est in what follows and we omit them here. In order to 
recover GR we can simply choose f(R, 4>) — R in ([T]). In 
this case from ([7]) we find that the connection coincides 
with the usual Levi-Civita fV, = r* and (JS]) reduces to 
the standard Einstein field equation. 

If we define a new metric h^ v conformally connected 
to g^v by = F g^ u , ((TJ) becomes 



V„(V=^ a/J )=0, 



(8) 



signifying that is the Levi-Civita connection with 
respect to the new metric We then find 



r;\, + ^[25\ p d v) F + g^g x °d a F\ . (9) 



It is useful to use (0) to replace the Palatini connection 
wherever it appears in our equations. The hatted curva- 
ture scalar and Ricci tensor then become LL7l 



- ^V^vF-^g^VrV'F, (10) 



and 



R = R-jV^F+^(V ll F)(V»F). (11) 

We can also write the field equation (J5J) as the canon- 
ical Einstein field equation plus an effective energy- 
momentum tensor containing the dependence on / [23j 



n —j 1 i fO) i ^(cff) 



(12) 



Assuming the universe is described by the general 
Friedmann-Robertson- Walker (FRW) metric, we can find 
equations for the background cosmological evolution. 
This assumption is completely independent of the the- 
ory of gravity we choose since it relies only on treating 
the universe as homogeneous and isotropic. 

The (unperturbed) general FRW metric reads 



ds 2 



-dt 2 + a 2 (t) 



dr 2 



1 -Kr 2 



r 2 dfl 2 



(14) 



where a(t) is the scale factor of the universe, K — 0,1, — 1 
is the spatial curvature and d£l 2 := d6 2 + sin 2 8d(p 2 . 
Moreover we take the matter energy-momentum tensor 
to be of the form of a perfect fluid 



Tpv = (PM + PM)Ufj,U v + Pm gnu ■ 



(15) 



with u M denoting the four-velocity of an observer comov- 
ing with the fluid, pu is the energy-density and pm is 
the pressure of the matter fluid. If we further consider 
the scalar field <j) to be homogeneous in space, i.e. de- 
pending only on the physical time t, we can rewrite its 
energy-momentum tensor ([?]) in the form (|15[) defining 



1 



1 



P0 = -w<P + V{4>) P<p = -lo^ 2 - V{<f>) , (16) 

as its energy-density and pressure, respectively. Here a 
dot denotes differentiation with respect to the physical 
time t. 

Having made these assumptions we can derive equa- 
tions for the scale factor a{t) in the Palatini formalism. 
Using the FRW metric (TT4"1) . the non vanishing compo- 
nents of (JTUJl are pi} 



i?nn — — 3- 



a 3F 2 



2F 2 2F 



VoVoiV 



R 



F, 



„ - [ad + 2d 2 + 2K + —VoVoF]^- ^ 4j 



(17) 
(18) 
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Substituting these two equations back in ([5]), we find 



6F H z 



F 1 HF K 
4F 2 + ~2~F + ^2 



-/ = P + 3p, (19) 



2F\H+-^) - — -HF + F = -p-p, (20) 

where p — p<p + Pm and p = p^ + p M . Equation (fig)) 
can be considered as the modified Fricdmann equation, 
whilst ([2"U| is the modified acceleration equation (or sec- 
ond Friedmann equation). The first one governs the evo- 
lution of the scale factor in the cosmology of generalised 
Palatini gravity theories [13]; the second one will turn 
out useful later on. 



III. COSMOLOGICAL PERTURBATIONS 

In this section we develop the general formalism of cos- 
mological perturbations, presenting equations for scalar 
and tensor perturbations in Palatini generalised gravity 
(see @, HH for the metric case) . 

Preliminaries 

The general perturbed FRW metric is 

ds 2 = -(l + 2a)dt 2 -2a(t)(dif3 -bi)dtdx l 



-2d jCi 



2^8 l3 + 2didjj 
hij) dx 1 dx 3 , 



(21) 



where a, /3, tp, 7 are scalar perturbations, 6,, c, are vec- 
tor perturbations and is the tensor perturbation. 
As usual, we have decomposed the independent degrees 
of freedom of the metric perturbations according to 
their transformation properties under spatial rotations. 
Because of the assumed background homogeneity and 
isotropy, all the physical quantities have to be invari- 
ant under purely spatial gauge transformations. Conse- 
quently, we want to derive gauge invariant equations for 
the perturbations. In general there are several gauge in- 
variants we can build, but among them, we will need only 
four quantities. The two gauge invariants 

X := a(/3 + a 7 ) , A:=3(Ha-^)-^ X , (22) 

where A denotes the three-space Laplacian, will be useful 
to simplify the equations later; while the two invariants 



will play a role in the discussion of the gauge choice. Here 
S(f> and SF are the perturbations of (f> and F, respectively. 

Before writing down equations for the cosmological 
perturbations we discuss the choice of a specific gauge. 
To date, several choices have been considered in the lit- 
erature. The most frequent choices are the Synchronous 
gauge a = 0, the Comoving gauge v = (where v is the 
matter fluid velocity perturbation) and the Newtonian 
gauge x — 0- A more convenient choice for this work 
is to choose either the Uniform-F gauge 5F = or the 
Uniform-field gauge 8<j) = 0. 

The first gauge is the more useful to work with when 
we are restricted to f(R) theories of gravity. In this class 
of theories all the contributions of the scalar field cf> (and 
of its perturbation <5</>) are absent. From the definitions 
(|23|) we see immediately that setting SF = 8<p = gives 
TZsf = 7i-S4> = ip- This means that ip becomes then 
a gauge invariant and we can try to find an equation 
governing its evolution. 

The Uniform-field gauge is instead used in Scalar- 
Tensor theories of gravity. In this class of theories F 
depends only on <j>, i.e. we have f(R, (f>) = F((f>)R, and 
we get 5F = F^8<j). Choosing 8cj) = immediately gives 
5F = 0. These are the same conditions we had in the 
f(R) theories with the Uniform-F gauge. All the results 
obtained setting 5F — 8(f) — will then be valid for both 
the classes of theories. 

Unfortunately this analysis does not hold for more gen- 
eral theories, where both a scalar field and a non-linear 
coupling of R appear. Setting 5<f> — does not imply 
SF = since in that case we have 5F = F^Scf) + FrSR. 
Another choice of gauge is probably more appropriate in 
the general case but we will restrict ourselves to the pure 
f{R) or F((f>) case in this work. 



lls<f, := i> - -rt 



Ksf := 4> - ^-SF , (23) 
F 



Perturbation Equations 



Since we deal with perturbations during the inflation- 
ary phase of the universe, we do not consider any kind of 
matter (a part from the scalar field <fi). From now on we 
then set Cm = Pm = Pm = 0. Cosmological perturba- 
tion equations in the Palatini context have been derived 
in [23| (see also [27j in which some typos are corrected). 
In (spatial) Fourier space, the equations governing the 
scalar perturbations read 
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n A 3K-k 2 ; 

QA+ - — V 



1 

2F 
1 

2F 



3F 2 
~2F 

uj<j)8<j) 
3H 2 



3HF - uod> 2 



1 

2 

3F 



W > 2 + (2V-/), 
R 3K 2 + k 2 



AF 2 2 



SF + 3 GSF 



(24) 



• K 1 



(25) 



(26) 



3F 

A+(H + g)A+—a 



3H 



3HF 3F 3F 2 



2F F F 2 F 



— OJ0 — 



2F 



2u>^ 2 + (/ - 2V)^ 



3F 2 ■ k 2 

% T + S{H* + H)-R+ k - 
b A a 2 - 



5F + 1 3H - ^ j SF + 3SF I . (27) 



Where we have defined Q = H + F/2F. These equations 
are obtained by perturbing the G° , G°, G™- — \ 5 % jG\ and 
G\ — G° components of the field equations, respectively. 

The equations for vector and tensor perturbations in 
Palatini formalism are the same of the corresponding 
ones in the metric formulation. This is due to the fact 
that both R and <fi do not have either vector or tensor 
components being pure scalars. The equation for vector 
perturbations is 



2K 



2a 2 



-*i = 0. 



(28) 



where we have introduced the gauge invariant = 
hi + aci. Equation (|28l) is exactly the same equation 
we find in canonical GR (without matter). It tells us 
that vector perturbations will not be generated during in- 
flation, making these modes uninteresting in generalised 
gravity too. 

The gravitational wave equation, the equation for ten- 
sor perturbations, is given by 



pears in an additional damping term modulated by the 
form of /. 



IV. PERTURBATIONS FROM INFLATION 

We now focus on the main subject of this paper. Cos- 
mological perturbations generated during the inflation- 
ary stage have already been considered in the metric for- 
mulation for generalised gravity models. Power spectra 
amplitudes and indices were calculated for both scalar 
and tensor modes in }14l.l32i|. An analysis of the growth of 
matter density perturbations has been discussed in both 
metric and Palatini formalisms [27j . However, the calcu- 
lation of scalar and tensor power spectra in the Palatini 
formalism has not been looked at in detail. In obtai ning 
our results we follow the procedure carried out in [3 H2] 
and find some important differences in the observational 
consequences between the two formalisms. 



3H 



F 
F 



k 2 + 2K . 



(29) 



In this case the equation is modified from the correspond- 
ing equation in canonical GR. The only difference ap- 



Scalar Perturbations 

Current observations suggest that the universe is spa- 
tially flat and we therefore restrict our calculation to the 
K = case. Furthermore imposing the gauge choice 
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discussed above (84> — 5F — 0) the right hand sides of 
equations ([2"4"[) - ([2"Tl) vanish and from (|25l) we then obtain 



Inserting ([501) mto gi yes 



A = 



S 



3F 2 



2FS \ 2F 



3HF - do 



(30) 



(31) 



Putting (J3UJ and ([3"T1) into ([2"5[) and using the background 
equation (|20j) . we obtain a second-order differential equa- 
tion for the gauge invariant perturbation ip 



where we have defined 



Ljcj) 2 

S 2 



(32) 



(33) 



The background term defined above is to be compared 
with (7.38) of [lH which is its analogue for the metric 
formalism case. The crucial difference being that in our 
case the term is proportional to (f> and vanishes in the 
absence of a scalar field. 

The second-order differential equation can then be re- 
written in a useful form by defining suitable Mukhanov- 
Sasaki variables 0, H|, z s ■= ay/Q and u s := z s ip. This 
allows us to write (I3"2l as the equation for an oscillator 
with a time dependent frequency which depends only on 
background quantities 



k 2 - S. ) u „ = . 



(34) 



where a prime denotes differentiation with respect to the 
conformal time rj := f ^ . In analogy with the standard 
and metric cases [l(| E3 , we define the so-called slow-roll 
parameters 



H <p F 

ei '-'lf 2 62 '-IF; e3 '-2-HF> 



(35) 



where the additional e 3 parametrises the shape of the 
f(R) function in analogy with the relation of the first 
two parameters with the shape of the inflaton potential. 
The background term can also be re-written in terms of 
the new parameters as 



Q = 



uxj) 2 



H 2 (l + e 3 ) 2 ■ 
If ei = we can write the conformal time as [Tcj 

f 



aH(l - ei) 



(36) 



(37) 



If in addition i-i = £3 = the time dependent background 
contribution to the frequency term can be written as 



1/4 



with 



(1 + ei +e 2 )(2 + e 2 ) 



s ■ 4 (l- ei ) 
The solution of eq. AMI) is then 



(38) 



(39) 



(40) 



which we have normalised by taking the early time, short 
wavelength (k-q — > 00) limit of the general solution which 
reduces to the adiabatic vacuum case for a field in an ex- 
panding background u s — > e~ lkri /\/2k. The power spec- 
trum of the curvature perturbation can then be defined 
as 



2^ 

f 

Q 



(i-ei) 



r(^ s ) h 

r(3/2) 2tt 



M 
2 



(41) 



where we have taken the super-horizon limit (fcry — > 0) of 
the solution. 

Since the scalar perturbation is conserved after exiting 
the Hubble radius we can evaluate the power spectrum 
([41 p at the time when k — aH and examine its spectral 
index n, defined as 



1 := 



dlnV s 



din fc 



= 3 - 2v, 



(42) 



k=aH 



During inflation we have ej <C 1 (i = 1,2,3), hence at 
first order in the e's the scalar spectral index becomes 



f 



-4ei - 2e 2 



(43) 



This result is identical to the standard case arising from 
the Einstcin-Hilbcrt action minimally coupled to an in- 
flaton field in the metric formalism. It is however distinct 
from the generalised gravity case with metric formalism 
in that the scalar spectral index n s has no explicit de- 
pendence, at linear order, on 63, or rather, the choice of 
function f(R). 



Tensor Perturbations 

A gravitational wave can be decomposed into its two 
polarization states h x and h+ which both obey ([29[) . In 
the following we will omit the subscripts and denote both 
states by h as they are decoupled and follow the same so- 
lutions. In defining their power spectra we will take into 
account the presence of two complex modes to which re- 
ality conditions apply. In analogy with the scalar case 
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(|29| can also be redefined as an equation for an oscil- 
lator with time dependent frequency by introducing the 
Mukhanov-Sasaki variable Ut := Zth with z t := a^/F 
such that 



Zt 



u t = 0. 



(44) 



Following the same route as the previous section we can 
define the background contribution as 



1/4 



Zt 



with 



* 4 



1 (l + e3 )(2-ei + e 3 ) 



(l-^i) 2 

and obtain the solution for the mode Ut 
1 

2* 



u t 



qtyf\ e **(i+*>t)/4HV>(k\Ti\). 



(45) 



(46) 



(47) 



The spectrum of tensor perturbations (taking into ac- 
count polarization states) is then defined as 



4 k 3 



r(3/2)27ry V 2 / 



, (48) 



where we have once again taken the super-horizon limit 
(kr/ — » 0). Similarly, we can evaluate the tensor spectral 
index as 



dlnVt 



3-2is t . 



din k 

which during inflation (e, <C 1) reduces to 
n t ~ -2 (ei + e 3 ) . 



(49) 



(50) 



Finally, we can evaluate the tensor-to-scalar ratio r, 
defined as the ratio between the tensor and scalar spectra 
respectively. We find 



^■f -16(e 1+ e 3 ) 



(51) 



which also introduces the consistency relation between 
the tensor spectral index and tensor-to-scalar ratio r = 
-Sn t . 



V. PRIMORDIAL SPECTRA FROM 
INFLATION IN SPECIFIC CLASSES OF 
THEORIES 

We now apply the results derived in the previous sec- 
tion to three classes of theories which have been given 
particular attention in the literature; f{R) theories, 
Scalar- Tensor theories and non-minimally coupled infla- 
tion. 



f(R) Theories 

We first look at f(R) theories where the acceleration 
of the inflationary expansion is driven solely by the f(R) 
modifications to the action as opposed to a potential 
dominated, minimally coupled scalar. In attempting to 
define such a model in the Palatini formalism an impor- 
tant constraint arises; whereas f(R) theories in the met- 
ric formalism introduce an extra dynamical, scalar degree 
of freedom, the same theory in the Palatini formalism 
introduces only a non-dynamical scalar mode with an al- 
gebraic constraint. This is most clearly seen by relating 
both cases to Brans-Dicke theories with an explicit scalar 
degree of freedom [311 ] and deriving the scalar equation 
of motion by varying the action obtained. In the Palatini 
case the second-order terms in the scalar cancel out ex- 
actly resulting in a non-dynamical scalar mode, although 
this is not obvious when first inspecting the action. 

This result is evident in our treatment in that the 
second-order term in (|3"2"]) is proportional to Q which is 
not defined in the absence of the scalar mode <f>. Indeed in 
this case the equation reduces to a first-order constraint 



(52) 



This shows that in the Palatini formulation of f(R) the- 
ories any initial curvature perturbation decays during in- 
flation and are not useful for seeding the growth of struc- 
ture. Thus Palatini inflation driven solely by f(R) mod- 
ifications can only be a viable model with the addition 
of an auxiliary slowly rolling scalar field. This require- 
ment negates the theoretical motivation behind this kind 
of model and in addition our analysis does not account 
for this possibility due to the restriction we made for im- 
posing our choice of gauge. 



Scalar- Tensor Theories 

We are then constrained to work with Scalar- Tensor 
theories in obtaining a model where Palatini generalised 
gravity successfully drives inflation. However, we can 
also derive some general results for the observables in 
this case where, as previously noted, f(R, <fi) — > F((f>) R. 
In this case (|20j) leads to a constraint between e\ and e 3 



(ei+e 3 )(l + e 3 ) 



,2uF 

" A, 



(53) 



where no further e 3 contribution appears for general 
choices of u>(4>) and F{4>). To first order in e\ and e 3 
this leads to the constraint 



ei + e 3 ~ . 



(54) 



This has an immediate impact on the observables since 
both the tensor spectral index n t and scalar-to-tensor 
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ratio r are proportional to ei + e 3 (see (|50|) and ([BTjl V 
Thus although the Palatini formulation of scalar-tensor 
theories could drive inflation and produce nearly scale 
invariant scalar perturbations, in agreement with obser- 
vations, they will not produce any tensor modes. This 
is a general features of Palatini Scalar- Tensor theories, 
which consequently might have to be discarded as possi- 
ble models for inflation if even a small amount of tensor 
modes are observed by future CMB experiments. 



Non-Minimally Coupled Inflation 

As an example of Scalar- Tensor gravity we analyse the 
case of non-minimally coupled inflation [7j which has 
been recently used as an attempt to identify the infla- 
ton field with the standard model Higgs boson (28|. In 
these models we have F(4>) = 1 + £</> 2 , w(4>) — 1 and 
V{4>) = A(0 2 — v 2 ) 2 , where £, A, v are parameters of 
the theory. Slow-Roll inflation is obtained in the region 
£(f) 2 ^> v 2 , where the potential becomes V(4>) ~ A</> 4 . 

5\) at first order in the slow- 



The slow-roll parameters 
roll conditions are 



<~2 



£3 



-At 



1 



4i 



4i 



Z4> 2 + 1 ' 

(^ 2 +3)(2^ 2 



1) 



S<P(Z4> 2 + 1) 



W 2 



1 



t<f> 2 



1 



(55) 
(56) 
(57) 



According to the general result we obtained above for 
Scalar- Tensor theories (15^1) . we immediately note that 
ei is exactly the opposite of £3. As expected then the 
tensor spectral index and tensor-to-scalar ratio vanish at 
first order. Using (fi3l the scalar spectral index can be 
written as 



1 



8 3 - 7£<j) 2 
<j? l + t<j) 2 



(58) 



In order to constrain £ with this result we need a value 
for (j> to substitute in. This can be obtained from the 
minimum number of e-foldings N which occurred during 
inflation, 



N 



1 

8? 



log(l 



£0start) 



(59) 



where </> s tart and <f> C nd are the values of the inflaton field 
at the beginning and end of inflation respectively and 
we have used the approximation 4> s ta,rt S> 4> C nd in the 
last step. Considering N ~ 62 and an observed scalar 
spectral index of n s ~ 0.96, we obtain the (positive) value 
for £ of 



2.9 • 10" 



(60) 



The value is small, which means small deviation from 
minimal coupling. This is in agreement with the metric 



case result found in [35j. However, non-minimally cou- 
pled inflationary models in the reg ime £ 3> 1 are also 
considered viable [28[ (see also [29j ] for the Palatini ap- 
proach). The latter are indeed the models which try to 
unify the inflaton with the Higgs boson [36| . 

Finally, given the value for £ and imposing the COBE 
normalization for the curvature perturbation power spec- 
trum 



aH=k 

we can also obtain a value of A: 
A ~ 2.3 • 10 



(0.027) 4 
24tt 2 



-14 



(61) 



(62) 



Again, this result seems to agree with the metric case 
I3al. where small values of A are also obtained. 



VI. CONCLUSIONS 

We have analysed the generation of primordial scalar 
and tensor perturbations during inflation in the Pala- 
tini formulation of generalised gravity. A general result, 
derived in this work, is that the scalar spectral index 
does not depend on the choice of f(R) function explic- 
itly and, to first order in slow-roll parameters, we recover 
the same expression for n s as the standard case. This is 
distinct from the metric case where n s depends explic- 
itly on the form of f(R) at the same order. On the other 
hand, we find that the tensor mode spectral index rit and 
the tensor-to-scalar ratio r depend on 63 , the generalised 
slow-roll parameter defined by the choice of f(R). This 
result is the same as the metric case. 

In restricting the analysis to specific classes of theo- 
ries we also find that models of inflation driven purely by 
f(R) modifications are not viable scenarios in the Pala- 
tini framework for generating primordial curvature per- 
turbations that seed structure formation. This is specific 
to the Palatini treatment and is in contrast to the met- 
ric formalism where the extra scalar degree of freedom, 
dynamical in this case, allows the evolution of perturba- 
tions. 

The other interesting class of theories, namely Scalar- 
Tensor models, result in a specific prediction that tensor 
modes vanish at first order in the slow-roll parameters. 
This prediction will soon be tested by CMB experiments 
and can potentially falsify these models. As a partic- 
ular example we analyse the case of non-minimally cou- 
pled inflation where we find that constraints on the scalar 
spectral index allow only small values of the coupling pa- 
rameters of the theory. Thus for the case considered the 
theory is constrained to a regime which is not of inter- 
est in effort to identify the inflaton field with the Higgs 
boson. 

It should be stressed that the classes of models anal- 
ysed in this work are restricted by our choice of gauge 
to either pure f(R) or Scalar- Tensor cases. More general 
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choices of f(R, <j>) depending on both R and <f> have not early or late-time acceleration, 
been constrained here and may provide viable models for 
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